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Abstract
Recently, a generalized test approach is proposed by Sadooghi-alvandi et al. (2016) and a fiducial
approach is proposed by Xu and Li (2018) to test the equality of coefficients in several regression
models with unequal variances. In this paper, it is shown that the considered quantities in these
approaches are identically distributed and therefore, these approaches are same. Also, this result
satisfies for the one-way ANOVA problem.
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1 Introduction
Consider the k regression models
Y i = Xiβi + εi εi ∼ N
(
0, σ2i Ini
)
, i = 1, . . . , k,
where Xi is ni×p design matrix with rank p, Y i= (Yi1, . . . , Yini)
′ is ni× 1 (ni > p for all i) observation
vector, βi = (βi1, βi2, . . . , βip)
′ is the vector of parameters with dimension of p, εi is the ni×1 disturbance
vector, and Ini is ni × ni identity matrix. Furthermore, all the εi are independent.
It is well-known that the unbiased estimations for βi and σ
2
i are βˆi = (X
′
iXi)
−1
X ′iY i and S
2
i =
Y ′i
(
Ip −Xi(X
′
iXi)
−1
X ′i
)
Y i/(ni−p), respectively, such that they are independent. When the variances
σ2i ’s are unknown, an usual test statistic to test
H0 : β1 = β2 = · · · = βk, (1.1)
is (see Tian et al., 2009; Sadooghi-alvandi et al., 2016; Xu and Li, 2018)
Q0 =
k∑
i=1
S−2i βˆ
′
i (X
′
iXi) βˆi −
[
k∑
i=1
S−2i βˆ
′
i (X
′
iXi)
][
k∑
i=1
S−2i (X
′
iXi)
]−1 [ k∑
i=1
S−2i (X
′
iXi) βˆi
]
.
Under null distribution, Q0 can be approximated by the chi-square distribution with p(k−1) degrees
of freedom for large sample sizes. However, this approximation does not work well for small samples (see
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Tian et al., 2009; Sadooghi-alvandi et al., 2016; Xu and Li, 2018). Therefore, some other approaches are
proposed to test equality of regression models with unequal variances for example a parametric bootstrap
approach by Tian et al. (2009), a generalized approach by (Sadooghi-alvandi et al., 2016) and a fiducial
approach by (Xu and Li, 2018). In this paper, we compare these generalized and fiducial approaches.
We will see that although these approaches are proposed in different ways and are not the same in
appearance but they are identical.
In Section 2, the generalized and fiducial approaches are reviewed and compared. In Section 3, one
way-ANOVA is discussed as a special case.
2 Comparing two approaches
For testing H0 in (1.1), a generalized approach is proposed by Sadooghi-alvandi et al. (2016) and a
fiducial approach is proposed by Xu and Li (2018). In this section, these approaches are reviewed,
briefly. Then, it is shown that they are identical.
Consider bi and s
2
i , i = 1, . . . , k, are the observed values of βˆi and S
2
i , respectively. For given(
bi, s
2
i
)
, Xu and Li (2018) derived a fiducial quantity to test (1.1) as
QF =
k∑
i=1
t′iti −
[
k∑
i=1
s−1i t
′
i(X
′
iXi)
1
2
][
k∑
i=1
s−2i (X
′
iXi)
]−1 [ k∑
i=1
s−1i (X
′
iXi)
1
2 ti
]
, (2.1)
where ti follows a multivariate student’s t-distribution tp(ni−p,0, Ip), i = 1, . . . , k, (see Kotz and Nadarajah,
2004) and they are mutually independent. Therefore, the p-value to test (1.1) is given by P (QF > Q0).
Let H = C
⊗
Ip where
⊗
denotes Kronecker product, C = [Ik−1 : 1], and 1 = (1, . . . , 1)
′. Also,
consider W ′W = [HSH ′]
−1
where S =
[
diag
(
s2i
(
X ′jXj
)
−1
)]
. Sadooghi-alvandi et al. (2016) defined a
generalized test variable to test the hypothesis in (1.1) as
QG = Z
′WH
[
diag
(
(ni − p) s
2
i
Ui
(
X ′jXj
)
−1
)]
H ′W ′Z, (2.2)
where Z ∼ N(0, Ip(k−1)) and Ui ∼ χ
2
(ni−p)
, i = 1, . . . , k, such that Z and Ui’s are mutually independent.
Therefore, the generalized p-value is given by P (QG > Q0).
Lemma 2.1. QF and QG are identically distributed.
Proof. Consider V i ∼ N(0, Ip) and Ui ∼ χ
2
(ni−p)
, i = 1, . . . , k, such that V i and Ui’s are mutually
independent. Also, consider D =
[
diag
(
ni−p
Ui
)]⊗
Ip. Based on Sadooghi-alvandi et al. (2016), QG has
the same distribution as
Q∗G = V
′ (Ipk − qq
′)D (Ipk − qq
′)V ,
where
V =


V 1
V 2
...
V k

 , q =


q1
q2
...
qk

 , qi =
[
s−1i (X
′
iXi)
1/2
] k∑
j=1
s−2j
(
X ′jXj
)
−1/2
.
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Consider P = (Ipk − qq
′) and D∗ =
[
diag
(√
ni−p
Ui
)]⊗
Ip. Then
Q∗G = V
′PD∗D∗PV = V ′D∗PPD∗V
= V ′D∗PD∗V
= V ′D∗ (Ipk − qq
′)D∗V
= V ′DV − V ′D∗qq′D∗V
=
k∑
i=1
ni − p
Ui
V ′iV i −
[
k∑
i=1
√
ni − p
Ui
s−1i V
′
i(X
′
iXi)
1
2
][
k∑
i=1
s−2i (X
′
iXi)
]−1
×
[
k∑
i=1
√
ni − p
Ui
s−1i (X
′
iXi)
1
2V i
]
=
k∑
i=1
T ′iT i −
[
k∑
i=1
s−1i T
′
i(X
′
iXi)
1
2
][
k∑
i=1
s−2i (X
′
iXi)
]−1 [ k∑
i=1
s−1i (X
′
iXi)
1
2T i
]
,
where T i =
√
ni−p
Ui
V i ∼ tp(ni − p,0, Ip). Therefore, QF and QG are identically distributed.
3 One Way ANOVA problem
Let Yi1, Yi2, . . . , Yini is a random sample from a normal distribution with mean µi and variance σ
2
i ,
i = 1, . . . , k. The problem of testing equality of means of these k distributions, i.e.
H∗0 : µ1 = · · · = µk,
is well-known to one-way ANOVA. It is a special case of H0 in (1.1) with p = 1 and Xi = 1. Therefore,
the fiducial quantity in (2.1) becomes to
QF =
k∑
i=1
t2i −
(∑k
i=1
√
ni
si
ti
)2
∑k
i=1
ni
s2
i
, (3.1)
where ti has a t distribution with ni − 1 degrees of freedom, which is the fiducial quantity introduced
by Li et al. (2011). When p = 1 and Xi = 1, the generalized test variable in (2.2) becomes to
QG = Z
′WC
[
diag
(
(ni − p) s
2
i
niUi
)]
C′W ′Z, (3.2)
where W ′W = [CSC′]
−1
, S =
[
diag
(
s2i /ni
)]
, Z ∼ N(0, I(k−1)) and Ui ∼ χ
2
(ni−p)
, i = 1, . . . , k. This
generalized test variable is introduced by Sadooghi-Alvandi et al. (2012). This generalized test variable
is also proposed by Xu and Wang (2008) in another form (see Sadooghi-Alvandi et al., 2012).
Based on Lemma, QF in (3.1) and QG in (3.2) are identically distributed. Therefore, the all
proposed approaches by Xu and Wang (2008), Li et al. (2011) and Sadooghi-Alvandi et al. (2012) for
the one-way ANOVA problem with unequal variances are same.
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